








































































































































































































































After applying our special preconditions, the value of v2 / c2 and thus the value of 2 • α / r becomes 
very small. The square of α / r is therefore even much smaller, permitting the following reformula-
tion:

Given the fact that Φ(r) = - (α / r) • c2, we can somewhat simplify our radical:

We want to once again satisfy ourselves that this approximation is very, very good: The strongest 
gravitational field in the solar system occurs at the surface of the sun. Check that the value there of 
α / r is about 2.1 • 10-6 !  We smuggled the square of this expression into our calculation above - 
something in the range of 4 • 10-12 ! This term is one million times smaller than the significant term 
2 • α / r.

Our definitions of  Rs ,  α  and  Φ (r)  have also earned a red box:

Now we are prepared to consider the ramifications of the equivalence principle in our important 
special case and to derive how a gravitational field influences the speed of clocks and the length of 
yardsticks. 

Finally, we want to remind ourselves of the assumptions we have made in the derivation of these 
formulas. We can formulate these in several different ways: 

• speeds resulting from free fall starting from rest should be much smaller than c

• the achievable kinetic energy resulting from free fall starting from rest should be much 
smaller than the rest energy  m • c2

• potential energy m • Φ(r) should always be much smaller than the rest energy  m • c2

• the spherical radius of the central mass M should be much larger than its Schwarzschild 
radius, so that the term RS / r outside the sphere is everywhere much less than 1  

It must also be emphasized that the formulas derived above are only valid in the exterior of the 
sphere. Inside, the gravitational field loses strength and at its center – from symmetry reasons 
alone – is zero. This decrease is, according to Newton, linear. We will return to this in H5.
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In opposition the two angles φE and φV are very small and we may set the cosine value to 1. For 
this special situation this gives us the simpler formula

Even this simple formula provides for D = 2.33 (solar limb), aE = -499 and aV = 371 a delay of 213.3 
µs.
 
Where are the flaws of these calculations ?
The first simplification concerns the path of integration. Light follows a geodesic and not a straight 
line. The angle of deviation is small (about 1.74 ") but the length of the path might be influenced. In 
[29-1106] Misner et al. pretend that the first ten digits are not affected from this simplification.
Second, the time delay is calculated for the observer in the OFF. So we have to correct for the 
STR-effect from the earth's orbital speed and for the GTR-effects of the gravitational fields of the 
sun and the earth (cf. problem 13 in G6 !). Doing these calculations gives us a correction factor of 
0.999'999'984'5 to adapt the time delay to earth-bound measurement. So we can ignore that, too.
However, the third flaw has some influence. In what type of coordinate systems do we get the dis-
tances from our astronomy programs? We did the calculations in Schwarzschild metrics. My as-
tronomy program probably does all its calculations in Euclidean metrics in a Newtonian world. 
Wheeler gives in [29-1106] a simple derivation in PPN-coordinates, leading to the same formula as 
ours, but without Euler’s e in the denominator.
 
Let us therefore confront the theory with experimental data. For the Venus opposition of 1970-01-25 
my astronomy program "Starry Night Pro" yields the values   aE ≈ 491 , aV ≈ 363   and   D ≈ 9.42 . 
Plugging these values into our formula we get a delay of 157 µs. Without the e in the denominator 
we get 177 µs, coming very close to Shapiro’s measurement. However, not the delay is measured, 
but the total signal runtime! To get an expectation of a “zero-delay” you have to start measurements 
months before the day of opposition. The delay then is calculated from the distance Venus and 
Earth should have if they follow their Keplerian ellipses.

The Shapiro effect is also interesting because it decreases only slowly with increasing distance D 
from the central mass. The light deflection following the formula in I2 is proportional to 1 / D . The 
Shapiro delay, however, is essentially proportional to 1 / ln(D), as is seen from the formula above. 
At a distance of 100 solar radii the value of the deflection of light decreases to 1%, but the delay 
there is still 21% of the maximum effect at the solar limb. One speaks, therefore, of a ‘long-range 
effect’. 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K9 SRT with Four-Vectors

Geometric problems can be treated with many different mathematical techniques. For example, you 
can calculate the volume of a tetrahedron using basic geometry, using vector geometry or using 
integral calculus. Certain questions can often be elegantly answered through the appropriate ap-
proach, while another approach would be complicated or provide only approximate success. 
 
The best methodology for doing algebraic calculations in the STR is the one with four-vectors! Not 
only the place and time of an event, but also all other physical quantities are consistently described 
by vectors with 4 components: There are the four-speed, four-acceleration, the four-force, the four-
momentum and the four-current vectors. All of these four-vectors transform themselves according 
to the Lorentz transformations in the transition to another coordinate system, just as we have seen 
with location and time coordinates. And for any four-vectors A and B, there is a simple scalar prod-
uct  A • B  which yields a constant value, independent of the reference system! 
 
Let us take as examples the four-momentum P and the four-speed V:   

P = ( Etot/c, px, py, pz ) = mo/√ ·( c , vx, vy, vz ) = mo·V           or as shorthand

P = ( Etot/c, p ) = mo/√ ·(c, v) = mo·V

Where p is the 3d-momentum vektor and v the 3d-velocity vector. The scalar product of two four-
vectors (x0, x1, x2, x3) and (y0, y1, y2, y3) is defined by x0·y0 – x1·y1 – x2·y2 – x3·y3 . Quickly computing 
P2 and V2 using this definition of the square of a vector shows:

P2 = (Etot/c)2 – p2 = (Etot2 – p2·c2)/c2 = Eo2 /c2 = mo2·c2  following our equations in E5 !

This is obviously an invariant quantity. Considering the Epstein diagram in E5, if you divide all sides 
of the right triangle by c, you see that this calculation is just a variant of the Pythagorean Theorem. I 
would argue that Epstein diagrams and four-vector arithmetic are closely related!

We determine V2 for the case where  v = vx  and thus  vy = 0 = vz :

V2 = (1/√ )2·(c2 – vx2 – 0 – 0) = (c2 – v2)/(1 – v2/c2) = c2·(1 – v2/c2)/(1 – v2/c2) = c2 

Again, this is obviously an invariant, i.e., a value independent of the reference system. This result 
agrees beautifully with Epstein’s ‘Myth ‘! As a small exercise you might consider what P·V means.

The aim of this book was not the algebraic treatment of challenging (and important) examples such 
as the Compton scattering. Its primary goal was to provide a view on the statements made by the 
STR and GTR. Or, as Epstein writes: "To understand the Special Theory of Relativity at the gut 
level, a good myth must be invented" [15-78] . To communicate Epstein’s myth was my main con-
cern. Once this basis has been attained, it is easy, in a second pass, to acquire some of the techni-
cal tools. These tools can then be used to address arbitrarily tricky problems. And the tool for the 
calculations in special relativity is the algebra of four-vectors.

For an initial study of four-vectors [25] is recommended.  If you work through chapters 12 and 13, 
you will already have made a significant start. Also, the presentation in [26] is perfectly accessible 
for someone with a solid high school background. Its title "Special Relativity for Beginners: A Text-
book for Undergraduates" describes the level well. The sections on four-vectors in [14] and [19] are 
restricted to the energy-momentum vector and do not introduce the full power of this concept.

Or take a look at   http://www.relativity.li/en/maxwell2/str-maxwell-equations/ 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